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ON A LIMITING RELATION BETWEEN RAMANUJAN'S
ENTIRE FUNCTION Aq(z) AND θ-FUNCTION
RUIMING ZHANG
Abstrat. We will use a disrete analogue of the lassial Laplae method
to show that the main term of the asymptoti expansions of ertain entire
funtions, inluding Ramanujan's entire funtion Aq(z), an be expressed in
terms of θ-funtions.
1. Introdution
Throughout the paper, we assume that
(1) 0 < q < 1.
For any omplex number a, we dene [5, 8, 12℄




and the q-shifted fatorial as
(3) (a; q)n =
(a; q)∞
(aqn; q)∞










whih denes an analyti funtion in the region |z| < 1. Its limiting ase















It is known that Aq(z) has innitely many positive zeros and satises the following
three term reurrene
(7) Aq(z)−Aq(qz) + qzAq(q
2z) = 0.
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1
2 RUIMING ZHANG
Ramanujan funtion Aq(z), whih is also alled q-Airy funtion in the literature,
appears repeatedly in Ramanujan's work starting from the Rogers-Ramanujan iden-
tities, whereAq(−1) and Aq(−q) are expressed as innite produts, [2℄, to properties
of and onjetures about its zeros, [4, 5, 9, 15℄. It is alled q-Airy funtion beause
it appears repeatedly in the Planherel-Rotah type asymptotis [11, 16, 17℄ of q-
orthogonal polynomials, just like lassial Airy funtion in the lassial Planherel-
Rotah asymptotis of lassial orthogonal polynomials [23, 12℄. However, Ramanu-





for k = 1, 2, ..., then
(9)
∣∣∣∣ (1− q)k(q; q)k qk
2
(−z)k
∣∣∣∣ ≤ (q |z|)kk!
for k = 0, 1, . . . , for any omplex number z, applying Lebesgue's dominated on-
vergent theorem we have
(10) lim
q→1
Aq((1− q)z) = e
−z.
We also have obtained the inequality
(11) |Aq((1 − q)z)| ≤ e
q|z|
for any omplex number z. For any nonzero omplex number z, we dene the theta
funtion as










2/2zk = (q,−q1/2z,−q1/2/z; q)∞.
For any real number x, then,
(14) x = ⌊x⌋+ {x} ,
where the frational part of x is {x} ∈ [0, 1) and ⌊x⌋ ∈ Z is the greatest integer less
or equal x. The arithmeti funtion









whih is the prinipal harater modulo 2,
(16) χ(n) =
{
1 2 ∤ n
0 2 | n
.
For any positive real number t, we onsider the following set
(17) S(t) = {{nt} : n ∈ N} .
It is lear that S(t) ⊂ [0, 1) and it is a nite set when t is a positive rational number.
In this ase, for any λ ∈ S(t), there are innitely many positive integers n and m
suh that
(18) nt = m+ λ,
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where
(19) m = ⌊nt⌋ .
If t is a positive irrational number, then S(t) is a subset of (0, 1) with innite
elements, and it is well-known that S(t) is uniformly distributed in (0, 1). A theorem
of Chebyshev [10℄ says that given any β ∈ [0, 1), there are innitely many positive
integers n and m suh that






For n large enough, this implies
(22) m = ⌊nt⌋ .
We will also make use of the trivial inequalities
(23) |ex − 1| ≤ |x|e|x|
for any x ∈ C, and
(24) e−x ≥ 1− x
for 0 < x < 1. The following lemma is from [17℄.































































(1 − q)(aqn; q)∞
≤
aqn
(1 − q)(aq; q)∞
,
whih is (28) and the proof of the lemma is omplete. 
2. Ramanujan's Entire Funtion Aq(z)
For Ramanujan's entire funtion Aq(z), we have the following:
Theorem 2.1. Given an arbitrary nonzero omplex number u, we have
(1) For any positive rational number t and λ ∈ S(t), there are innitely many
positive integers n and m suh that
(29) tn = m+ λ.






















for n suiently large.
(2) For any positive irrational number t and β ∈ [0, 1), there are innitely many
positive integers n and m suh that
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for n suiently large.














as λ→ +∞ , for example, see [24℄. If the real funtion f(x) has some maximas, from
the nature of ef(x), when λ is large, then the major ontributions of the integral
ome from the neighbourhood of these maximas. We break the integral into several
piees so that eah piee has only one maxima and then replae the integrands by
simpler funtions within eah subintegrals to get the asymptotis formula. Our





just as in the Laplae method for (38), we break the sum into two subsums and
estimate them respetively.






























































(−u−1qχ(m)+λ)k + s11 + s12 + s13.(42)
Sine
(43) 0 < (q⌊m/2⌋−k+1; q)∞ < 1
for 0 ≤ k ≤ ⌊m/2⌋, then,



















By (26), for 0 ≤ k ≤ ⌊m/4⌋, we have
(45)





















































































By (26), for k ≥ 1
(50)




































































for n, m and λ satisfying (29) with n and m are suiently large.
8 RUIMING ZHANG
In the ase that t is a positive irrational number, for any real number β ∈ [0, 1),
when n and m are suiently large and satisfy (32) and (33) with
(54) 1 > β + γn > −1,
then
(55) 2 > χ(m) + β + γn > −1.














































































(−u−1qχ(m)+β)k + s11 + s12 + s13 + s14.(60)
Sine
(61) 0 < (q⌊m/2⌋−k+1; q)∞ < 1
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for νn + 1 ≤ k ≤ ⌊m/2⌋ and
(62) 0 < qχ(m)+β+γn ≤ q−1,
then,
(63) (νn + 1)
2









































Sine 0 < q < 1 and limn→∞ logn/n = 0, there exists a positive integer N suh





Hene by (23) and (33)
























































































































In (71), we have used the inequality (24) for x = 1− q to show that 1− q < log q−1.










































(−u−1qχ(m)+β)k + s21 + s22 + s23 + s24.(72)
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Just as we has done with the sum s1, we an show that















































































































































for n suiently large. 
Remark 2.2. We have the following remarks on Theorem 2.1:
(1) (7), (30) and (31) imply the trivial formula for θ(z; q)
(81) θ(z; q) = zq1/2θ(zq; q).







where the o(1) is uniform for q in any ompat subset of (0, 1) and u in any
ompat subset of C\ {0}.
(3) We an rewrite the formulas (35) and (36) into the form





where the o(1) is uniform for q in any ompat subset of (0, 1) and u in any
ompat subset of C\ {0}.
3. A Class of Entire Funtions
The phenomenon demonstrated with Aq(z) in Theorem 2.1 is universal for a




(a1, . . . , ar; q)kq
lk2
(b1, . . . , bs; q)k
zk,
with l > 0, where








a1, . . . , am






(a1, . . . , am; q)k






when m+ 1− n > 0. It is lear that the funtion
(85) mφn
(
a1, . . . , am
b1, . . . , bn
q,−zq(m+1−n)/2
)
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For a lean statement of the following theorem, we also dene
(87) c(r, s; q) :=
(b1, . . . , bs; q)∞
(a1, . . . , ar; q)∞
.
Theorem 3.1. Assume that
(88) 0 ≤ a1, . . . , ar, b1, . . . , bs < 1.
and
(89) u ∈ C\ {0} .
We have
(1) For any positive rational number t and λ ∈ S(t), there are innitely many
positive integers n and m suh that
(90) tn = m+ λ.






























for n suiently large.
(2) For any positive irrational number t and β ∈ [0, 1), there are innitely many
positive integers n and m suh that
















































for n suiently large.
Proof. The funtion








{1 +R2(aj ; k)} q
l(k2−ntk)uk







{1 +R1(bj ; k)}
r∏
j=1








{1 +R1(bj ; k)}
r∏
j=1
{1 +R2(aj ; k)} q
l(k2−ntk)uk.




{1 +R1(bj ; k)}
r∏
j=1
















{1 +R1(bj ; k)}
r∏
j=1





The rest of the proof is very similar to the proof for Theorem 2.1. 
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